Introduction
Spin structures are roots of the canonical line bundle on a Riemann surface. They can be also viewed as divisors and lifts of covering groups, see [13] . They appear in many areas in mathematics such as Riemannian and algebraic geometry. Spin structures are important in physics because of their widespread applications. In this paper, we look at structures from the viewpoint of complex analysis; in particular, as divisors on Riemann surfaces. We start by proving a theorem that gives a presentation of the 2-torsion, J 2 , and p-torsion, J set, subgroups of the Jacobian of hyperelliptic and their natural generalization as pgonal surfaces. It turns out this presentation is very useful when studying invariant m-spin divisors supported on branch points under automorphisms of hyperelliptic surfaces. We review a formula obtained by Mumford in [12] that gives a presentation of 2-spin divisors on hyperelliptic surfaces. Then we prove a similar formula for mspin divisors, for an even m.
S. Natanzon extended the definition of spin structures on Riemann surfaces to Klein surfaces. He studied these structures using Arf functions and liftings of covering groups. In this work, we rewrite Natanzon's definition using divisors on complex doubles, which are orientable surfaces, of Klein surfaces. In particular, we study hyperelliptic surfaces admitting anti-holomorphic involutions and count their spin structures. We generalize spin divisors on Riemann surfaces to the case of Klein surfaces. The main tool is using complex doubles of Klein surfaces. Moreover, we take a closer look at Klein surfaces whose complex double are hyperelliptic surfaces. In particular, we study invariant spin divisors under anti-holomorphic involutions of Riemann surfaces.
Preliminaries
Definition 1. Let X be a compact Riemann surface of genus g and let K X denote the canonical line bundle on X. A holomorphic line bundle satisfying L ⊗2 = K X is called a holomorphic spin bundle or a spin structure.
It is known that spin bundles exist on a compact Riemann surface of genus g and there are 2 2g of them, [5] . In [4] , Atiyah showed that there is a correspondence between spin bundles and theta characteristics on a compact Riemann surface. Natanzon generalized the above definition and introduced the concept of m-spin bundles, see [14, 15, 13] . Definition 2. Let X be a compact Riemann surface of genus g and let K X denote the canonical line bundle on X. A holomorphic line bundle satisfying L ⊗m = K is called a holomorphic m-spin bundle or an m-spin structure where m is a positive integer such that m|2g − 2.
According to [5] , if m|2g − 2, there are m 2g mth-roots of the canonical line bundle. Therefore, there are m 2g m-spin structures. Since our ultimate goal is studying spin structures using divisors, we need to interpret the above definitions in terms of divisors. Using the correspondence between classes of linearly equivalent divisors and isomorphic line bundles, we can rewrite the above definitions in terms of divisors.
Definition 3. Let X be a compact Riemann surface of genus g and let K denote the canonical divisor on X. A divisor D is an m-spin structure or an m-spin divisor if m.D = K, where m is a positive integer such that m|2g − 2.
Let Div(X) and PDiv(X) denote the group of divisors and the group of principal divisors; respectively. The group Jac(X) = Div 0 (X)/ PDiv(X) is called the Jacobian of X. It is well-known that the Jacobian group of a genus g compact Riemann surface can be given a complex structure, namely it is a complex torus of dimension g. For example the Jacobian of a torus is a torus itself, J(T ) = T . The Jacobian also is an abelian variety. A detailed discussion of these facts can be found for example in the book of Miranda [11] . For our purposes, we only need the group structure of the Jacobian. Denote by J m the additive subgroup of m-torsion degree zero divisors up to linear equivalence, J m (X) = {D ∈ Jac(X)|m.D = 0}. Clearly J m (X) is a subgroup of Jac(X), see [2] . For m|2g − 2, m ≥ 2, let Spin m (X) denote the set of m-spin divisors on a compact Riemann surface X. For the rest of this work, we always assume m|2g − 2, m ≥ 2 when talking about m-spin structures.
Theorem 1.
There is a one-to-one correspondence between the set of m-spin divisors on a compact Riemann surface X, Spin m (X), and the group of m-torsion elements of the Jacobian, J m (X).
The proof is very straightforward. Let D 0 be an m-spin divisor. Define a map
This map is well defined: given
, the surjectivity follows.
Spin Divisors on the Riemann Sphere C and the Torus
Let ω = dz be a one-form on the Riemann sphere, C = C ∪ {∞}. Let t = 1/z then dz = −1/t 2 dt. Hence ω has a double pole at ∞. Therefore, div(ω) = −2.∞ and the canonical divisor on C is K = −2.∞. On the Riemann sphere, it is not hard to see that any divisor of degree 0 can be written as a divisor of a meromorphic function, [11] . Therefore, the Jacobian of the Riemann sphere is trivial Jac( C) = Div 0 / PDiv = {0} and its m-torsion subgroups J m are all trivial. Since the only positive integer satisfying m|2g − 2, m ≥ 2 is m = 2 and by the correspondence in Theorem 1, there is only one 2-spin divisor. In particular, the divisor D = −1.∞ is a 2-spin divisor on C, 2D = K.
Let w 1 , w 2 be two fixed complex numbers such that w 1 /w 2 is not real. Let Λ = Λ(w 1 , w 2 ) = {n 1 w 1 + n 2 w 2 |n 1 , n 2 ∈ Z} be a lattice over the complex plane. The lattice Λ is a subgroup of C and the quotient C/Λ is a complex torus and it has a group structure, [11] . Note that for an element x in the torus, viewed as a group, satisfies mx = 0 in T , m ≥ 2 if and only if mx ∈ Λ i.e. mx is a linear combination of w 1 , w 2 . Therefore, the m-torsion subgroup, Tor m , of the torus is
The 1-form ω = dz is a nowhere zero holomorphic form and its divisor is div(ω) = 0. Therefore, the canonical divisor on the torus is K = 0. Moreover, it is well known that the Jacobian of the torus is itself, Jac(T ) = T , [11] . Hence, the subgroups Tor m ⊂ T and J m ⊂ Jac(T ) are isomorphic and can be identified. Note that elements of Tor m are points on the torus, but elements of J m are divisors of degree 0. Hence, we identify the point a 
Hyperelliptic and p-Gonal Riemann Surfaces
Let X be the compact Riemann surface of genus g defined by
) where x and y are complex variables. A surfaces of this form is called a hyperelliptic Riemann surfaces and it is a degree two branched covering of the Riemann sphere π : X −→ C, (x, y) −→ x with 2g + 2 ramification points A = {p 1 , . . . , p 2g+2 } (if the degree of the polynomial is 2g + 1, then p 2g+2 = (∞, 0)) such that π(p i ) = e i , see [5] and [11] . Since hyperelliptic and p-gonal surfaces can be viewed as covers of the Riemann sphere, we will compute canonical divisors on these surfaces by pulling-back the canonical divisor on the sphere. Theorem 2. Every meromorphic function f on a hyperelliptic Riemann surface X defined by
can be written uniquely as f = r(x) + ys(x), where r(x) and s(x) are rational functions of x.
Consult [11] for a proof of this theorem. The meromorphic function π has either a pole of order two if this pole is also a ramification point or it has two simple poles. In the first case we have π(p k ) = ∞, for some p k ∈ A. Then the meromorphic function f = π − π(p i ), i = k has an order two pole at p k and an order two zero at
Let D = 2.p i , it follows that, in either of the two above cases, D ∼ 2.p j , ∀p j ∈ A. Moreover, we have 2.
∞ be the canonical divisor on C. Notice that the pull-back of the canonical divisor on the sphere is π * (K ∞ ) = −2.D and the ramification divisor is R π = p 1 + · · · + p 2g+2 . Therefore, we have an expression of the canonical divisor on the above hyperelliptic surface,
Another class of Riemann surfaces that admit an algebraic model are surfaces defined by equations of the form y p = (x − e 1 ) · · · (x − e r ), where x, y are complex variables, r = np, n ∈ N , p is a prime, and g = (p − 1)(r − 2)/2. A surface X of this type is known as a p-gonal surface and it is a degree p branched covering of the sphere π : X −→ C, (x, y) −→ x with r branch points e 1 , . . . , e r and r ramification points a i = (e i , 0) ∈ X, see [11] . The surface X has a p-involution j : X −→ X, j(x, y) = (x, e 2πi/p y) which fixes the ramification points.
Remark 1. The roots of a polynomial defining a p-gonal surface need not be simple in general, but for our purposes, we will assume they are. This theorem is similar to Theorem 2. The reader may consult [11] for proofs and detailed discussion of function fields on p-gonal surfaces.
Similar to what we did in the case of hyperelliptic surfaces, the meromorphic function x − e i : X −→ C has a zero at a i = (e i , 0) of order p and p simple zeros z 1 , . . . , z p which are permuted under the p-involution, see [8] . Hence, the divisor of x − e i is (x − e i ) = p.a i − (z 1 + · · · + z p ). Furthermore, the meromorphic function y : X −→ C has r = np simple zeros at the ramification points and p poles of order n. Therefore, the divisor of the function y : X −→ C is (y) = a 1 + · · · a r − n(z 1 + · · · + z p ), for details see [11] and [8] . Combining both divisors, we have the relation a 1 + · · · a r = np.a i . Furhthermore, simple calculations show that the ramification divisor is R π = x∈X ((mult x π)− 1).x = (p− 1)(a 1 + · · ·+ a r ) and the pullback of the canonical divisor on the sphere C is π * (−2.∞) = −2pa i . Using the formula of the canonical divisor K X = R π + π * (−2.∞), we see that
Remark 2. We say a divisor is supported on the branch set of a surface, if this divisor can be written explicitly in terms of the ramification points. When studying hyperelliptic and p-gonal surfaces, we will not make a distinction between the branch points on the sphere e i and the ramification points a i = (e i , 0) on the surface. This seems to be the standard terminology in literature, e.g. [8] and [9] . We will denote the branch set of a surface X by B(X).
Theorem 4. Let X be a p-gonal Riemann surface of genus g. Assume m|2g − 2, then there exist at least one m-spin structure supported on the branch set.
m .a 0 , where a 0 is a branch point. Clearly, m.θ = (2g − 2).a 0 = K X , hence θ is an m-spin structure.
Jacobian Groups of p-Gonal Surfaces and their Subgroups
Let J m = {E ∈ Jac(X)|m.E = 0}. This group is known as the subgroup of m-torsion points. It is known that J m ∼ = Z 2g m where g is the genus of a Riemann surface X, see [2] . Below we prove some facts about m-torsion subgroups that we will use in later sections.
Theorem 5. On a Riemann surface X, the following holds
Proof. To prove the first part let d = gcd(m 1 , m 2 ), then for some m 1 , m 2 ∈ Z, we can write
For the second part, let E ∈ J m1 + J m2 i.e. E has the form
Theorem 6. On a hyperelliptic Riemann surface X, for an even integer m = 2h, elements of J m supported on the branch set, denoted by J * m , are in J 2 . Hence, we have
Theorem 7. On a p-gonal Riemann surface, for a non-zero multiple of p, m = h.p, elements of J m supported on branch set, denoted by J * m , are in J * p . Hence, we have
Theorem 8. Let Jac * denote elements of the Jacobian of a p-gonal surface X that can be written using branch points only. Then Jac
Theorem 9. Let m be an even integer such that m|2g − 2. Out of the m 2g m-spin structures on a hyperelliptic Riemann surface, 2 2g of them can be written using branch points only.
Proof. This follows immediately from Theorem 1, Theorem 6.
Let X be a p-gonal surface of genus g defined by the equation y p = (x−e 1 ) · · · (x− e r ), where x, y are complex variables, r = np, n ∈ N , p is a prime, and g = (p − 1)(r − 2)/2.
Theorem 10. Let m be a multiple of p such that m|2g − 2. The number of mspin structures supported on the branch set of a p-gonal surface is the same as the number of p-spin structures supported on the branch set.
Proof. This follows immediately from Theorem 1, Theorem 7.
One may ask how many p-spin structures on a p-gonal surface supported on the branch set there are. In the following we answer that by giving a presentation of J * p . Theorem 11. The group J * p has the following presentation J *
We will show that elements of J * p can be written using the generators a i −a r . Let E be an element of J *
Proof. By the presentation given in Theorem 11,
Using the second relation in the presentation of J * p , it follows that v 1 + · · · + v r−1 = 0. Therefore, we have only r − 2 independent generators and each is of order p . Hence, J * p
Corollary 13. Let m be a multiple of p such that m|2g − 2. The number of m-spin structures supported on the branch set of a p-gonal surface is p r−2 .
Spin structures on Klein Surfaces
In this section, we extend the definitions of spin structures on Riemann surfaces to Klein surfaces. The main tool we use is complex doubles of Klein surfaces. S. Natanzon has studied m-spin bundles on Riemann surfaces using Arf functions (functions on the space of homotopy classes of simple closed curves with values in Z m ) and used that to describe moduli spaces. His methods involves as well liftings of covering groups. Later on, he generalized this to m-spin bundles on Klein surfaces, see [13] , [14] , and [15] . In this section, we give an equivalent definition of m-spin structures on Klein surfaces using divisors. Now we show this definition can be written using divisors. Let D = a i x i be a divisor on a Riemann surface X and let τ be a symmetry on X. We define the action of τ on D by τ (D) = a i τ (x i ). 
The authors of [3] proved, under different assumptions, related results to the above theorem about non-orientable complex line bundles on Klein surfaces. Example 1. Let X be the hyperelliptic surface of genus 3 defined by y 2 = z 7 − z. The branch points are −1, 0, 1, ∞, ξ 1 = e πi/3 , ξ 1 , ξ 2 = e 2πi/3 , ξ 2 . The canonical divisor is K = 4.∞. The Riemann surface X has 64 2-spin structures. Consider the involution τ : X −→ X, x −→ x on X. The Klein surface Y = X/ < τ > is nonorientable, see [6] . The action of τ on the set of spin structures of X leaves fixed, up to equivalence, the following divisors θ 1 = 2.∞,
Therefore, these 16 divisors are the only 2-spin structures on Y . This number of spin structures on Y agrees with Natanzon's, see [13, 15] .
m-Spin Structures on Klein Surfaces with Hyperelliptic Complex Doubles
In Example 1, we determined and counted the number of m-spin divisors for a Klein surface whose complex double is hyperelliptic. In the following, we study the action of anti-holomorphic involutions on the 2-torsion subgroup J 2 and determine the size of its invariant subgroup under certain involutions. For a detailed classification of Klein Surfaces whose complex doubles is hyperelliptic, see [16] . For a classification of automorphisms of hyperelliptic surfaces, see [6] .
Theorem 16. Let X be a hyperelliptic surface with a defining polynomial whose coefficients are real and not all of its roots are real. Assume X has a symmetry τ induced by complex conjugation. Then τ fixes 2 g+k−1 2-spin structures on X, where 2k is the number of the real branch points. In particular, the Klein surface X/ < τ > has only 2 g+k−1 2-spin structures.
Proof. First, we study the action of τ on J 2 . By Theorem 6 and Theorem 11, the group J 2 has the following presentation J 2 = p i − ∞, i = 1, . . . , 2g + 1|2.p i − 2.∞ = 0, p 1 + · · · + p 2g+1 = (2g + 1).∞, ∀i = 1, . . . , 2g + 1 . Let a i , i = 1, . . . , 2k denote the set of the 2k real branch points and by convention the point at ∞ is real,a 1 = ∞.
Since the defining polynomial has real coefficients, the number of non-real branch points is, 2g + 2 − 2k, even. Let b j , j = 1, 2g + 2 − 2k denote the non-real branch points. Moreover, if b j is a root, then so is its conjugates, b j . Therefore, the non-real branch points are b j , b j , j = 1, . . . , g + 1 − k. Note that if E ∈ J 2 consists of only real points, then τ (E) = E. Moreover, if E contains points that are not real, provided that if a point appears then so does its conjugate, then τ (E) = E. Therefore, the group of invariant J 2 elements under τ , denoted by J Our number agrees with that of Natanzon's in [13] .
Corollary 17. Let X be a hyperelliptic surface with a defining polynomial whose coefficients are real and some of its roots are not real. Assume X has a symmetry τ induced by complex conjugation. Let m be an even integer such that m|2g − 2. Out of the m 2g m-spin structures on X, 2 2g of them can be written using branch points only from which τ fixes 2 g+k−1 , where 2k is the number of the real branch points. In particular, the Klein surface X/ < τ > has only 2 g+k−1 m-spin structures in terms of branch points.
Proof. This follows immediately from the above theorem and from Theorem 9.
Theorem 18. Let X be a hyperelliptic surface of an odd genus, g. Let τ be an involution on X induced by the antipodal map −1/z. Then the number of invariant 2-spin structures of X under τ is 2 g . In particular, the Klein surface X/ < τ > has only 2 g 2-spin structures.
Proof. The antipodal map fixes no branch points. We study the action of τ on J 2 . By Theorem 6 and Theorem 11, the group J 2 has the following presentation
The antipodal involution only fixes elements of J 2 for which both a point and its antipodal appear. Therefore, τ fixes elements of the type a i + τ (a i ) − 2.∞. Hence, generators for the group of invariant J 2 elements under τ , denoted by J Corollary 19. Let X be a hyperelliptic surface of an odd genus, g. Let τ be an involution on X induced by the antipodal map −1/z. Let m be an even integer such that m|2g − 2. Out of the m 2g m-spin structures on X, 2 2g of them can be written using branch points only from which τ fixes 2 g . In particular, the Klein surface X/ < τ > has only 2 g m-spin structures in terms of branch points.
Invariant m-Spin Structures on a Hyperelliptic Surface under an Automorphism
According to [6] , since a hyperelliptic surface X is a branched cover of the Riemann sphere, automorphisms of a hyperelliptic surface are closely related to Möbius transformations of the Riemann sphere. It turns out that the group generated by the hyperelliptic involution of a hyperelliptic surface I 2 : X −→ X is a central normal subgroup of Aut(X) and < I 2 > ∼ = Z 2 . Furthermore, the group Aut(X)/ < I 2 > is a Möbius group and Aut(X)/ < I 2 >= {f ∈ Aut( C)|f (B) = B}, where B denotes the branch set of the hyperelliptic surface. Therefore, when we speak of such automorphisms, we will think of them as (lifts of) Möbius transformations of the sphere that leaves fixed the branch set.
In this section, we will study invariant m-spin divisors under an odd order automorphism of a hyperelliptic surface. Similar calculations can be done for even order automorphisms. Similarly, we can extend these calculations to p-gonal surfaces.
Theorem 20. Let f be an automorphism of a hyperelliptic Riemann surface of genus g. Assume f has an odd order n. Assume f fixes no branch points. Then the group of invariant elements of
. In other words, f fixes 2 2g+2 n −2 2-spin structures. This theorem was proved using different methods in [9] . We prove it here using similar methods to the ones we used to prove Theorems 16 and 18.
Proof. Recall that the group J 2 has the following presentation
Elements of J 2 that are fixed by f must contain a point and its orbit,
Since f doesn't fix any branch points, we have 2g+2 n orbits. Without loss of generality, we may assume that the branch points are ordered so that p 1 , . . . , p 2g+2 n −1 , p 2g+2 are representatives of the 2g+2 n orbits. Let
Since n is odd, n must be a factor of g + 1. Therefore, we could use the relation 2.p i − 2.p 2g+2 to get
The second relation in the presentation of J 2 implies that v 1 + · · · + v 2g+2 n −1 = 0, hence we have only 2g+2 n − 2 independent elements of the form p 2g+2 )) . Therefore, the group of invariant elements of J 2 under f , denoted by J . In other words f fixes 2 2g+2 n −2 m-spin structures supported on the branch set.
Theorem 22. Let f be an automorphism of a hyperelliptic Riemann surface of genus g. Assume f has an odd order n. Assume f fixes only one branch point. Then the group of invariant elements of
. In other words f fixes 2 2g+2 n −1 2-spin structures.
This theorem was also proved using different methods in [9] . Yet, We prove it here using our methods as in the proof of Theorem 20.
Proof. Recall that the group J 2 has the following presentation J 2 = p i − p 2g+2 , i = 1, . . . , 2g + 2|2.p i − 2.p 2g+2 = 0, p 1 + · · · + p 2g+2 = (2g + 2).p 2g+2 , ∀i = 1, . . . , 2g + 2 . Let p 2g+2 denote the fixed point of f . Elements of J 2 that are fixed by f are of the form
Elements of the first type can be written in terms of the second type so it is enough to consider elements of the second type. We have 2g+1 n + 1 orbits. Without loss of generality, we may assume that the branch points are ordered so that p 1 , . . . , p 2g+1 n , p 2g+2 are representatives of the 2g+1 n + 1 orbits plus the fixed point having an orbit on its own. Let 
. Therefore, the group of invariant elements of J 2 under f , denoted by J Proof. This follows immediately from the above theorem and from Theorem 9.
Theorem 24. Let f be an automorphism of a hyperelliptic Riemann surface of genus g. Assume f has an odd order n. Assume f fixes two branch points. Then the group of invariant elements of J 2 under f , denoted by J f 2 , is isomorphic to Z 2g n 2 . In other words f fixes 2 2g n 2-spin structures.
This theorem was also proved using different methods in [9] . We prove it here using our methods as in the proof of Theorems 20 and 22.
Proof. Recall that the group J 2 has the presentation J 2 = p i −p 2g+2 , i = 1, . . . , 2g+ 2|2.p i − 2.p 2g+2 = 0, p 1 + · · · + p 2g+2 = (2g + 2).p 2g+2 , ∀i = 1, . . . , 2g + 2 . Let p 2g+1 , p 2g+2 denote the fixed point of f . Non-trivial Elements of J 2 that are fixed by f are those of the forms (1)
We observe that elements of the first two types can be written in terms of these of the third and fourth types so it is enough to consider elements of the last two types. We have 
n.p 2g+2 . Therefore, the group of invariant elements of
Theorem 25. Let I p be the p-involution on a p-gonal surface X. Then I p fixes every spin structure supported on the branch set.
Proof. This follows immediately from the fact that the p-involution I p fixes branch points.
One may ask if I p is the only automorphism with such property. We will investigate invariant spin structure on p-gonal surfaces under automorphisms in a future work.
Mumford's Formula for Spin Structures on Hyperelliptic Surfaces
In this section, we review a formula obtained by Mumford in [12] . This formula gives a unique representation of 2-spin divisors (theta characteristics) on hyperelliptic surfaces. Moreover, we derive a similar presentation for m-spin divisors, when m is even.
Observations. Let X be a hyperelliptic surface. We have seen that the canonical divisor is given by
Recall we have the relations 2p i = 2p j , ∀p i , p j ∈ B(X) and p 1 + · · · + p 2g+2 = (2g + 2).p j .
Following [7, 9] , we make the following observations. For a subset T of the branch set, T ⊂ B(X), define the divisor α(T ) = ( pi∈T p i ) − card(T ). It follows immediately that 2α T = 2( pi∈T p i ) − 2card(T ) = 2card(T ) − 2card(T ) = 0. Hence, we have α(T ) ∈ J 2 . Furthermore, as we pointed out in Section 4, the divisor of the meromorphic function h(x, y) = y/(
Hence, we can assume card(T ) is even, for any subset T ⊂ B(X), because we can always add the zero divisor p j − p j to α(T ). We also notice that the relations 2p i = 2p j and
2 . This space can be given an additive group structure by defining the sum of two elements T i , T j to be T i +T j = (T i ∪T j )\(T i ∩T j ). By the above observations, we see that the map E g −→ J 2 , T −→ α(T ) is an isomorphism.
Mumford Formula for 2-Spin Divisors.
Theorem 26 (Mumford's Formula). Every 2-spin divisor (theta characteristic) is of the form θ = kD
Moreover this representation is unique if k ≥ 0 and subject to a single relation when k = −1,
Proof. In this proof we follow [9] . First, we notice that the relations 2p i = 2p j and p 1 +· · ·+p 2g+2 = (2g+2).p j imply that p i1 +· · ·+p ig+1 = p j1 +· · ·+p jg+1 . Moreover, any divisor of the above form is a 2-spin divisor because 2θ = 2kD + 2p i1 + · · · + 2p i g−1−2k = (2k + g − 1 + 2k)D = (g − 1)D = K. Notice that g − 1 − 2k = g + 1 when k = −1. In that case, the representation is not unique because p i1 + · · · + p ig+1 = p j1 + · · · + p jg+1 for distinct i's and j's as pointed out in the observations above. Therefore, when k = −1, we have A Formula for m-Spin Divisors Supported on the Branch set. We generalize Mumford's formula to the case of m-spin divisors supported on the branch set. Let θ = kD+p i1 +· · ·+p i ℓ . We will find values of ℓ for which θ is an m-spin structure. Multiplying by m, we get mθ = 2nθ = 2nkD + n(2.p i1 + · · · + 2.p i ℓ ) = (2nk + ℓn)D. . In this case, the representation is not unique because p i1 + · · · + p ig+1 = p j1 + · · · + p jg+1 for distinct i's and j's as pointed out in the observations above. Therefore, when k = g(n−1)+n+1 −2n
, we have 
Future Work
When viewing 2-spin structures as divisors on compact Riemann surfaces, there is a nice relation between spin structures and certain classes of meromorphic differentials. In particular, the authors of [10] have proved the following theorem.
Theorem 28. Let X be a compact Riemann surface. There is a natural bijection between 2-spin structures on X and classes of non-zero meromorphic differentials with even zeros and poles where ω 1 ∼ ω 2 when ω 1 /ω 2 = f 2 , where f is a meromorphic function on X.
